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Abstract
The first part of this paper gives the complete equivariant classification of smooth S3 × S3 actions
on closed, orientable, 8-dimensional manifolds in terms of the weighted quotient space and a lifting
obstruction, when the principal isotropy is the identity. The second part addresses the question of
a topological classification of such manifolds, and points to some of the open problems.  2001
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0. Introduction
This paper studies the action of S3 × S3 on closed, orientable, smooth 8-manifolds. It
is an extension, and in some sense a generalization, of the work of Orlik–Raymond (and
others) on toral actions on 4-manifolds. It consists of two parts. The main result for the first
part, Theorem 1 in Section 1.2, is a complete equivariant classification of such actions when
the principal isotropy is the identity, and the action is smooth. The second part, Sections 2
and 3, considers the problem of the topological classification of 8-manifolds that admit an
S3 × S3 action.
S3 is the group of unit-quaternions, and S3×S3 = Spin(4) is the double-cover of SO(4).
We use the notation S3 × S3 or Spin(4) interchangeably. The equivariant classification
involves primarily two results. The first concerns the structure of S3 × S3-invariant
neighborhoods, and gives local conditions on the action. The second regards the existence
of a global section to the action away from the exceptional orbits E (orbits with finite-
cyclic isotropy), and an obstruction to “normalizing” or uniformizing that section. These
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results provide the key to the classification, which yields a remarkably simple set of
topological and algebraic invariants. We obtain 8-manifolds that are parametrized by orbit
data, encoded in “weighted orbit space” diagrams. Furthermore, an important pay-off of
the cross-sectioning result is that any such manifold M can be viewed, away from E, as a
quotient of M∗ × Spin(4), where Spin(4) is collapsed to cosets over the boundary of M∗;
M∗ =M/Spin(4) denotes the orbit space, which is a two-surface (or orbifold). The action
is then simply given by (left) S3 × S3 multiplication on the second factor.
A natural question that now poses itself is: can we describe the closed manifolds
that arise in this fashion? This is the problem of a topological classification: notice in
particular that we might have distinct actions, described by entirely different equivariant
data diagrams, on the same space. This paper sets the stage for the study of the topology
of Spin(4)-manifolds, i.e., 8-manifolds that accept an action of S3 × S3. It should be noted
however, that to a considerable extent, the classification question remains to be answered.
Organization of this paper
Background, notational and graphical conventions are summarized in Section 1.1. In
Section 1.2 we reformulate and generalize a equivariant classification theorem of [9] to
give the result that takes all actions of Spin(4) (with principal isotropy = {1}) into account,
thus including those with exceptional orbits. The remaining sections are concerned with the
topology of Spin(4)-manifolds.
Equivariantly, there are two classes of such manifolds: singular manifolds that contain
orbits with isotropy of positive dimension (this implies that M∗ is a surface with boundary),
and Seifert-like manifolds whose orbits are all 6-dimensional (so M∗ is a closed surface
or orbifold). It turns out that “most” of these Seifert-like manifolds are Seifert fiberings
in the sense of Conner–Lee–Raymond (cf. Section 2.2). Section 2 is devoted to first
describing the orbit data for simply-connected manifolds both singular and Seifert-like
(Section 2.1; actually we give π1 for any Seifert-like space), and then to sorting out
this data. “Irreducible” singular 1-connected manifold types are determined (Section 2.3),
along with some of the relationships that exist between these types, in particular via
equivariant blow-ups along invariant submanifolds (Section 2.4). In Section 2.5, we
examine in greater detail the topology of some specific examples of these manifolds.
In Section 3.1 additional bundle structures (with toral 4-manifold fiber) are described.
The singular types just mentioned are actually given by equivariant data: in Section 3
(Section 3.2 in particular), they are shown to be distinct topologically. That section ends
with a decomposition result for singular manifolds in a non-simply-connected setting
(Section 3.4).
A short final Section 4 recapitulates a few of the open questions and problems that are
raised both in this paper and in [9].
A reader wishing to get quickly to information on the simply-connected context might
look at Sections 2.1 and 2.3, skim through some of the examples in Section 2.5, and then
go to Sections 3.2 and 3.3. With regard to Seifert-like manifolds, their relation to Seifert
fiberings are considered in Sections 2.2 and 3.1.
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1. Background, and the complete equivariant classification
1.1. Notation and summary of previous results
Note. All references to [9] will be given in the form I.i.j.k, with i, j and k referring to
the numbering there. The following summarizes some of the results that were established
in [9] and are needed for the classification.
We write an element in Spin(4) as (g;h) (sometimes as g × h), where g,h ∈ S3, and
write g ∈ S3 as (g1, g2), gj ∈C with ‖g1‖2 +‖g2‖2 = 1. Group multiplication in S3 takes
the form gg′ = (g1, g2)(g′1, g′2)= (g1g′1 − g2g′2, g1g′2 + g2g′1), with gj denoting complex-
conjugation.
We refer to the S3 circle subgroup C = {(eiθ ,0) | 0  θ < 2π} as the “distinguished
circle” subgroup, and similarly to the maximal torus C × C = {(eiα,0) × (eiβ,0)} in
Spin(4) as the “distinguished torus”. The table below gives the complete list (up to
conjugacy) of those closed subgroups of Spin(4) that can occur as isotropy groups, and
the corresponding orbit type. S(m,n) denotes the conjugates of the circle in C × C given
by mα− nβ = 0, (m,n)= 1, and ∆S3 denotes the conjugates of the “strictly” diagonal S3
subgroup {(g;g) | g ∈ S3} (cf. also I.1.1).
Isotropy Orbits type
Spin(4)= S3 × S3 isolated fixed point
S3 × S1, S1 × S3 isolated 2-sphere, S2
S3 =
{
{1} × S3, S3 × {1}
∆S3
3-sphere, S3
T 2 = S1 × S1 isolated S2 × S2
S(m,n) S3 × S2
Zk isolated exceptional orbit
{1} principal orbit, S3 × S3
The first five rows give the singular orbit types, stabilized by subgroups of dimension
one or greater: these lie over the boundary of the quotient (orbit) space M∗, which is a
surface, and partition each connected component of Bd(M∗) = S1 into vertices (isolated
orbits) and edges, in configurations that must satisfy certain local conditions which are
given in the diagrams below (Fig. 1). Exceptional orbits have finite-cyclic stabilizers, are
isolated, and project into the interior of M∗. The principal orbits are free, that is, have
trivial isotropy, and the set of all such orbits is dense and open in M (and M∗). Note
that (by elementary obstruction theory), the associated principal Spin(4) bundle is always
trivial, i.e., has the form M∗0 × Spin(4), where M0 denotes the set of free orbits in M . In
particular, if Spin(4) acts freely on M , then the total space must be M∗ × Spin(4), with
M∗ a closed 2-surface.
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Fig. 1.
Fig. 1 specifies the local isotropy structures that can arise: if a manifold M is acted upon
smoothly by Spin(4), then M∗ must be a two-surface with admissible isotropy weights.
That is, a labeling of points in M∗ by isotropy type, which must locally conform to the
configurations given in the diagrams (the neighborhood in M∗ of an exceptional orbit is
an open disk with all orbits free except one, and is not shown). Conversely, given any 2-
surface with assigned weights satisfying those conditions, there must be some (smooth)
action of Spin(4) on an 8-manifold that gives rise to it. However that action might not be
uniquely specified (up to equivalence).
In Fig. 1(a), we must have S1 = S2, and the Sj ’s are S3 subgroups: we have two open
arcs of these orbits, separated by the isolated fixed point. In Fig. 1(c), det ( m nm′ n′ ) = ±1
is required. Finally, in Fig. 1(d), H denotes either a circle subgroup S(m,n) or an S3
subgroup. The (half) disks correspond to equivariant neighborhoods in M , which by the
slice theorem have the form Spin(4)×H Sx , where Sx is a slice at x transverse to the orbit.
For example in Fig. 1(a) the neighborhood of a fixed point is a Spin(4)-invariant 8-ball:
taking the closure of this ball, we have an invariant 7-sphere as boundary, and it projects
down the (closed) straight dashed line segment in M∗. In Fig. 1(c), the small circle denotes
a single T 2-stabilized orbit: this orbit is an S2 ×S2, and to the half disk in M∗ corresponds
upstairs an invariant D4 bundle over S2 × S2 (an equivariant tubular neighborhood of the
orbit). In this case, the straight dashed line is the projection of the boundary S3 bundle over
S2 × S2 (see I.1.2.2 for more details).
The foregoing regards the first result alluded to at the beginning of the introduction. Now,
a given two-surface with admissible isotropy weights does not contain all the information
regarding the action, but it almost does. Indeed, up to equivalence, and away from the
set of exceptional orbits, an action is completely determined by (1) this weighted orbit
space, thus the homeomorphism type of M∗, together with prescribed isotropy weights,
and (2) an invariant o(M) ∈ H 1(Bd(M∗),Z2)  Zb2, where b = number of boundary
components of M∗. o(M) is the obstruction mentioned earlier to the normalization of a
global section to the action. Such a section is shown to always exist. In the presence of
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this obstruction, a normalized section cannot be found. In any case (assuming E = ∅),
M = (M∗ × Spin(4))/∼, with Spin(4) collapsed to cosets Spin(4)/Hj over Bd(M∗)
according to the prescribed isotropies Hj (j = 1, . . . ,N : by compactness, a given action
may comprise only finitely many isotropy classes). If o vanishes identically, then Hj can be
chosen to be a distinguished subgroup, fixed once and for all in the conjugacy class (and
this is done for all j ’s). If ok , the kth component of o, does not vanish, then this can be
done everywhere, except over one small arc of Hj(k) orbits, where we must collapse along
a (one-parameter) family of distinct conjugates of the distinguished element in Hj(k); Hj(k)
is either some S(m,n) or ∆S3 (see I.2, and I.2.3, Theorem 2 in particular).
1.2. Equivariant classification
In this section we reformulate and complete the classification given in [9], by removing
the condition E = ∅.
The slice theorem gives an equivariant tubular neighborhood about an E-orbit as the
D2 bundle: Spin(4)×Zk Sx , where Sx ≈D2 is a slice at x ∈M . Zk acts diagonally, as a
subgroup on the Spin(4) factor, and on Sx by rotation. Spin(4) acts on this tube by left
multiplication on the second factor. The trivial bundle Spin(4)× Sx ≈ D2 × S3 × S3 is
the universal cover of this tube; the Zk action is a covering action, and the condition that it
commute with the left Spin(4) action implies that it has the form:
ξ · ((ρ, s)× u× v)= (ρ, ξ ls)× uξn̂ × vξm̂, (1)
where 0  ρ  1 and s ∈ S1 are polar coordinates for D2, u,v ∈ S3. Letting Zk =
〈ξ = ei2π/k〉 ↪→ C ↪→ S3 (recall that C is the distinguished circle {(eiθ ,0)} in S3, see
Section 1.1), S3 multiplication is implied. Note that we must have (l, k) = 1 (in order
for the Spin(4) principal isotropy to be trivial). n̂ and m̂ are such that they determine a free
Zk action on S3 × S3: thus, if (m̂, n̂ ) = (pm,pn) = p, then (p, k) = 1 is required. Note
that (m,n) gives the S(m,n) circle subgroups of Spin(4) in which Zk , as isotropy of the
Spin(4) action, lies. We refer to the 4-tuple (k; l, m̂, n̂ ) as an E-slice invariant.
Since ξ l is a generator of Zk , the above action is weakly equivalent to one of the form
ξ · ((ρ, s)× u× v)= (ρ, ξs)× uξn˘ × vξm˘ (2)
under the map Id|D2×S3×S3 × aut, where aut is the automorphism of Zk defined by ξ l → ξ ,
and aut(ξm̂)= ξm˘, aut(ξ n̂)= ξ n˘. Now observe that the two Spin(4) actions on the resulting
quotients are equivalent (under Id): therefore we may assume that the E-slice invariants
have the normalized form induced by (2) (that is l = 1 in (1)).
Theorem 1. Suppose S3 × S3 = Spin(4) acts smoothly on a closed, oriented, 8-manifold
M , with principal isotropy = {1}. Then, up to equivariant diffeomorphism, the action is
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where ε is a choice of orientation for the orbit space M∗, g and b are the genus and the
number of boundary components of M∗, respectively; o ∈ H 1(Bd(M∗),Z2)  Zb2 is the
normalization invariant, Oj is the isotropy structure on the j th boundary component of
M∗, and the integer triples (kj ; m̂j , n̂j ) are the normalized E-slice invariants. Conversely,
given any (admissible) orbit data of the form given above, there exists a (smooth) action of
S3 × S3 on a closed M8 realizing this data, and furthermore that action is unique, up to
equivalence.
Proof. Let M0 =M −∐pj=1 int(Nj ), where Nj = Sj ×Zkj (S3 × S3), is an equivariant
tubular neighorhood of the j th E-orbit, as defined above. The Spin(4) action on M0
is entirely specified by the first two lines of invariants: this is a direct consequence of
Theorem 2 in I.2.3. Furthermore, it also follows from that theorem that the action over
each boundary component S1 × (S3 × S3) is by (left) S3 × S3-multiplication on the
second factor. On the other hand, over each of the disjoint tubes, the action given above
is completely specified, up to equivariant diffeomorphism, by the order kj of the finite
cyclic isotropy, and the pair of integers (m̂j , n̂j ). Consider its restriction to the boundary
S1 ×Zkj (S3 × S3) = S1 × (S3 × S3). We can attach this boundary to the j th boundary
component of M0 in only one way, up to to equivariant diffeomorphism, and it is not
difficult to give the explicit description (we omit the details).
The converse statement holds since we may use the explicit constructions of the action
given in the proof of Theorem 2 in I.2.3 (see Sections I.2.2.2 and 2.2.3, in particular) to
get a smooth action on M0, an compact 8-manifold with p boundary components, each
a copy of S1 × S3 × S3. Spin(4) acts by (left) multiplication on the last two factors, and
we get the desired action on a closed manifold by attaching the (closure) of the E orbits
neighborhoods equivariantly along their boundary. ✷
Exceptional orbits
From Eq. (1), we see that an E-orbit is homeomorphic to Spin(4)/Zk(m,n), where
Zk(m,n)= 〈(en̂2π i/k × em̂2π i/k)〉 = 〈(en2π i/k × em2π i/k)〉 ⊂ S(m,n)⊂ Spin(4). Now, the
space Spin(4)/S(m,n) is known to be diffeomorphic to S2×S3 (see the table in Section 1.1
and I.1.2.2, Remark 3). This suggests that an E-orbit should be homeomorphic to the
product of a Lens space and S3, and we now give an explicit homeomorphism in the special
case where either m or n= 1. For definiteness, consider the (m,1) case.






Observe that this (degree m2) map has the property that ψm(ueiθ )=ψm(u)eimθ . Then, our
homeomorphism
S3 × S3/Zk(m,1)−→ L(k,1)× S3
is given by
[u× v] → [u] ×ψm(u)v−1.
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This explicit form will be of use when we examine some specific instances of Spin(4)-
manifolds (Section 2.5). Unfortunately, we have not found a way to define an analogous
map for the general (m,n) case.
Problem. Find an explicit homeomorphism S3 × S3/S(m,n)≈ S2 × S3.
2. Simply-connected Spin(4)-manifolds
2.1. Fundamental groups
M is simply connected only if M∗ is; this is a direct consequence of the fact that we have
an epimorphism π1(M) π1(M∗) whenever a compact Lie group is acting, and there is a
connected orbit (see [1] on lifting of paths). So that M∗ must be either D2 or S2.
Proposition 1. Suppose there are p exceptional orbits stabilized by Zkj (1 j  p).
(1) If M∗ =D2 , π1(M) Zk1 ∗Zk2 ∗ · · · ∗Zkp (the free product).
(2) If M∗ = S2, π1(M) 〈α1, . . . , αp | αkjj = α1α2α3 · · ·αp = 1〉.
Note that to be completely described (up to conjugation), a finite cyclic stabilizer would
have to be written as Zk(m,n), where (m,n) specifies (up to conjugation) the circle
subgroup it sits in. But this data is not picked up by the fundamental group.
Corollary 1. A singular Spin(4)-manifoldM∗ is simply-connected if and only if M∗ =D2
and E = ∅.
We might point-out that it is generally true for any codimension two action with singular
orbits, that simple-connectedness forces E = ∅ (see [1, Theorem 8.6], for example).
Let us denote by S(k1, . . . , kp) (or simply S) the family of Seifert-like Spin(4)-
manifolds with M∗ = S2 and p exceptional orbits. They are “Seifert-like” as bundles with
singularities over S2, the singular fibers being Zk quotients of the regular fibers.
Corollary 2.
(a) π1(S(k))= {1}, and π1(S(k1, k2)) Z(k1,k2), so in particular, S(k1, k2) is simply-
connected if and only if (k1, k2)= 1.
(b) π1(S(k1, k2, k3))  ∆(k1, k2, k3), the triangle groups. These have infinite order
except for Dk = ∆(2,2, k), T12 = ∆(2,3,3), O24 = ∆(2,3,4), I60 = ∆(2,3,5).
The latter are the dihedral, tetrahedral, octahedral, and icosahedral groups, that is,
the finite non-cyclic subgroups of SO(3); the triples (k1, k2, k3) are all the solutions
to S =∑3j=1 kj > 1. We have a planar crystallographic or Fuchsian group when
S = 1 and S < 1, respectively.
(c) π1(S(k1, . . . , kp)) has infinite order for l  4 and is a cocompact Fuchsian group
(with one exception: π1(S(2,2,2,2)) is a crystallographic group).
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Essentially, Fuchsian groups are discrete groups of isometries of the hyperbolic plane
H2; Isom(H2) is itself generated by PSL2(R) and the order-two map (x, y) → (−x, y)
(thinking of H2 as the upper half-plane equipped with the metric ds = (dx2 + dy2)/y).
Crystallographic groups are discrete groups of isometries of the Euclidean plane E2. For a
presentation and discussion of Fuchsian and crystallographic groups, see [4], Chapter 4 in
particular) and also [16].
More generally, if M = Sg(k1, . . . , kp) is a Seifert-like manifold with M∗ a genus-g
2-surface (S0 ≡ S), and p exceptional orbits stabilized by Zkj , it is easy to see that its
fundamental group has the presentation
π1(Sg)=
〈
α1, . . . , αp,λ1,µ1, . . . , λg,µg |
α
kj
j = λ1µ1λ−11 µ−11 · · ·λgµgλ−1g µ−1g α1 · · ·αp = 1
〉
.
Proof of Corollary 2. (a) The second relation gives α2 = α1−1. Now set (k1, k2) = k,
so ki = kmi . Since (m1,m2) = 1, there exists s, t ∈ Z, such that m1s + m2t = 1. Then,
αk = αk(m1s+m2t ) = αkm1sαkm2t = 1.
(b) If π1(S(k1, k2, k3)) is finite, then the universal cover S˜(k1, k2, k3) is compact. There
is a unique lift of the Spin(4) action, commuting with the covering transformations [2],
and compactness implies the Spin(4) orbit space is S2. Now, π1 must act effectively on S2,
preserving orientation. Any such action is known to be conjugate to a linear action: thus
π1 must be in SO(3). In fact, there cannot be more than three poles (see [17], for instance),
which forces π1 to be infinite for l  4. ✷
Proof of Proposition 1. (1) First recall that if H is any of the allowable non-cyclic isotropy
subgroups, then Spin(4)/H is simply-connected (see the remarks in I.1.2.2). It follows that
a Spin(4)-invariant subspace sitting above any simply-connected subset of M∗ that does not
contain an exceptional orbit, must be simply-connected as well. Given this fact, the result
follows from straightforward applications of Van Kampen’s theorem (we omit the details).
(2) We begin with the lemma below; the general case will follow from an easy extension
of the argument.
Lemma 1. π1(S(k))= {1}.
Proof. Choose a slice Sx at x in the Zk-stabilized orbit. Then S∗x is a 2-disc in M∗. Choose
a Zk-invariant disc D in S , and cover M by U = q−1(S∗), and V = q−1(D∗c), where
q :M → M∗ is the quotient map. Then it is clear that π1(U)  Zk , and π1(V ) = {1}.
U ∩ V deformation-retracts to S1 × S3 × S3 ≈ q−1(BdS∗). Denote by i the inclusion
U ∩ V ↪→ U .
Claim. i∗ induced on the fundamental groups is onto. The factor S1 in S1× S3 × S3 is
the image of Bd(S∗x ) under a section to the Spin(4) action. We shall identify an appropriate
curve in q−1(BdS∗x ) that will represent a generator for π1(U ∩ V ) Z, and isotope onto
a representative for the generator of π1(U).
We have T 3 = S1×S1×S1 as S1×C×C ⊂ S1×S3×S3 = p˜−1(BdSx)⊂ Sx×S3×S3,
with elements written as (1, s; s1; s2). Zk acts as in (2), but for notational convenience
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write n˘ as n̂1 and m˘ as n̂2. Consider the point (1,1;1;1). Its orbit under this action is
{(1, ξj ; ξjn̂1; ξjn̂2) | 1  j  k}. There is an arc α joining (1,1;1;1) to (1, ξ; ξn1 ; ξn2),
and lying in the Zk-invariant circle in T 3 which is given as the locus {sn1s−11 = 1 =
sn2s−12 } ≡ {sni s−1i = 1}i=1,2.
Now:
(i) α maps to a circle α in Bd(Sx ×Zk (S3 × S3 )) under the covering projection p˜.
(ii) α maps down to Bd(S∗x ) under the quotient map q .
(iii) It is in fact the image of a section to the Spin(4) action over Bd(S∗x ), and thus
represents a generator of π1(U ∩ V ).
(iv) It can be isotoped to a circle in the singular orbit S3 ×Zk S3, representing the
generator of π1(U).
(i) and (ii) are clear. To check (iii), we need to show that if 〈1, s; s1; s2〉 and 〈1, ŝ; ŝ1; ŝ2〉
in α have the same image in Bd(S∗x ), then they are the same point. But if ŝ = ξj s, then
1= ŝ ni ŝ −1i = ξjni sni ŝ −1i = ξjni si ŝ −1i ⇔ ŝi = ξjni si
as claimed.
Finally, for (iv), isotope α = α1 = {〈1, s; s1; s2〉} to α0 = {〈0,∗; s1; s2〉}, corresponding
to the image of an arc α0 lying in a circle in T 2 ≈ C×C ⊂S3 ×S3, locus of {sn11 s−n22 = 1}.
This circle is invariant under the covering Zk action, and k-covers α0. This concludes the
proof of the lemma. ✷
To complete the argument for the proposition, cover S(k1, . . . , kp) by open sets U and
V , with all orbits E∗ sitting in U∗, an open neighborhood of the upper hemisphere of
S2 = S(k1, . . . , kp)∗, and V ∗ containing the lower hemisphere (and no E orbits). About
each Zki orbit, we have a tubular neighborhood Ni with boundary S1 × S3 × S3 ≈ αi×
S3 × S3 , where αi is the image of a section, as in the proof of the lemma, and are given
the same orientation, inducing the counterclockwise orientation on each q(αi ). We may
assume that αi intersects αi+1 along an arc Ji .
Since π1(V ) is trivial, by a special case of van Kampen’s theorem, we will get a
presentation for π1(S(k1, . . . , kp) with p generators, one for each αi , and a relation given
by i∗(C), induced by the inclusion i :C× S3 × S3 ↪→ U (C is the appropriate image
of Bd(U∗) under our section). Shrinking each Ji× S3 × S3 to a point ∗ × S3 × S3,
we get the relation: α1α−12 α3 · · ·α(−1)
p−1
p . The proposition follows (choosing generators
appropriately). ✷
2.2. Seifert-like manifolds and Seifert fiberings
We digress from the main concern of Section 2 (simply-connected manifolds) to briefly
comment on Seifert-like Spin(4)-manifolds, in particular S = S(k1, . . . , kp). Namely,
in “almost all” cases, these are in fact Seifert fiberings in the sense of Raymond and
Lee. For a discussion of Seifert fiberings, see for example [7,8]: essentially, such spaces
are quotients of principal G bundles by discrete subgroups of the group of weakly G-
equivariant homeomorphisms of the total space, yielding fiberings with singularities. We
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shall see (in Section 3.1) how these fiberings also have a description as (regular) fiber
bundles.
If S is not simply-connected, there is a unique lift of the Spin(4) action to the universal
cover S˜ [2,1] and:
Proposition 2. If π1(S) is not finite cyclic, more precisely, if S = S(k1, k2), where one kj
can equal 1 but at least one (k1, say) is greater than 1, then the lifted Spin(4) action on
S˜ is free, and S˜ = Spin(4)× S2 or Spin(4)× R2: that is S˜ is a trivial principal Spin(4)
bundle over S2 or R2.
Corollary. S(k1, . . . , kp3) is a Seifert fiber space with the following model space and
structure group:
Spin(4) × S2 and a finite non-cyclic subgroup of SO(3), if (k1, k2, k3) ∈ {(2,2, k),
(2,3,3), (2,3,4), (2,3,5)};
Spin(4)× E2 and a crystallographic group if (k1, k2, k3, k4) ∈ {(3,3,3,1), (2,3,6,1),
(2,4,4,1), (2,2,2,2)} (E2 is the Euclidean plane);
Spin(4) × H2 and a cocompact Fuchsian group of signature (0; k1, k2, . . . , kp;0),
otherwise (H2 ≈R2 is 2-dimensional hyperbolic space).
Proof. π1(S˜)= {1}, so that S˜∗ must be a simply-connected 2-manifold, without boundary
since it is the orbit space of the lift of a non-singular action. Setting G= Spin(4), we then
have the commutative diagram:
S˜ G\p˜
π/π1(S)
S˜∗ = S2 or R2
/π1(S)π∗
S p
G\ S∗ = S2
Let y ∈ S˜ , x = π(y) ∈ S , and y∗ = p˜(y) ∈ S˜∗; let xj ∈ S (1 j  p) denote a point lying
on the Zkj -stabilized exceptional orbit. Writing the stabilizer of a point z under the action
of a group H as Hz, we have:
Gy ⊂Gx →Gx/Gy = π1(S)y∗ .
π1(S) must act effectively on S˜∗, and all these groups act in a unique way (up to
equivalence) on either S2 or R2. π1(S)y∗ is either trivial or finite cyclic. Now observe that
if it is (non-trivial) cyclic, it has in fact order kj (1 j  p) (when p  3, each Zkj = 〈αj 〉
embeds in π1: but this fails for p = 1 or 2). Therefore Gy must be trivial, so that the lifted
Spin(4) action is free. ✷
Note that the proposition extends readily to the general context of Seifert-like manifolds,
where M∗ = S∗g has positive genus.
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2.3. Irreducible, simply-connected, singular Spin(4)-manifolds types
Recall that “singular” refers to spaces that contain points with a stabilizer of positive
dimension: thus, M∗ must have a boundary (if Bd(M∗) = ∅, we refer to M as being
“Seifert-like”). As a first step in a topological study, it will be useful to identify suitable
families of equivariant data that parametrize simply-connected singular Spin(4)-manifolds.
By an abuse of language, we shall refer to these equivariant families as “manifold types”:
we will see that this is justified in the sense that indeed, the families are largely distinct
topologically.
By an irreducible manifold M , we mean a manifold that cannot be decomposed into a
(non-trivial) equivariant connected sum: that is, there is no Spin(4)-invariant 7-sphere that
does not bound an invariant 8-ball. With respect to the weighted orbit space M∗, this just
means that any simple arc with interior consisting of free orbits and the two endpoints with
distinct S3 isotropy must be the link of a fixed-point vertex (as in Section 1.1, Fig. 1(a)).
For our graphical conventions in diagrams of weighted orbit spaces, and a description of
equivariant neighborhoods, the remarks that follow Theorem 1 in I.1.2.2 are relevant, in
addition to Section 1.1 in the present paper. Also, we refer the reader to I.2.4, where we
describe, in particular, those manifolds with M∗ =D2, and Bd(M∗) consisting only of 2, 3
or 4 fixed points and S3-stabilized orbits: briefly these are, respectively, S8, ±HP(2), and
S4 × S4 or HP(2)#HP(2) (where HP(2) is quaternionic projective space).
Proposition 3. Suppose M is a singular, simply-connected Spin(4)-manifold.
(a) If there exists a Spin(4)-invariant embedded 7-sphere, then M can be decomposed
into an equivariant connected sum of manifolds of type I , type J , as described
below, ±HP(2), and S4 × S4.
If there is no such invariant S7, either:
(b) M belongs to type K or H (see description following the proposition), or
(c) M is S5 × S3, SU(3), S3 × S3×˜S2, or S3 × SU(3)/SO(3).
Proof. (a) The types I and J are parametrized by the weighted quotients shown on Fig. 2
(for J ∗, we can have the weights changed by the outer automorphism).
Fig. 2.
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Fig. 3.
An I type must have exactly one fixed point (labeled F on the diagram), and exactly
two orbits stabilized by S1 × S3 and S3 × S1 respectively. All other isolated orbits must
have T 2 isotropy (possibly there are no T 2 orbits). Similarly, a J type must have exactly
two fixed points and two orbits stabilized either by S3 ×S1 (as shown), or by S1 ×S3 (and
all other isolated orbits, if there are any, are T 2-stabilized).
Indeed suppose there is an invariant S7 in M . If it does not bound a Spin(4)-invariant
8-ball, then this corresponds in M∗ to there being given two non-adjacent edges stabilized
by distinct S3. Cutting M∗ along a straight arc joining the two, and then capping
(the cap is pictured in Fig. 1(a)), corresponds upstairs to an equivariant connected-sum
decomposition. It is clear that each summand will have at least one fixed point. In
particular, as long as there is a third S3-stabilized edge, we can cut-and-cap as before,
unless: (i) we have the third S3-stabilized edge issuing from a second fixed point connected
to the first by one of the three edges, or (ii) the weighted quotient space is that of S4 × S4.
Case (i) corresponds either to ±HP(2), or the type J manifolds. The remaining possibility
is type I , with exactly one fixed point.
(b) There remain two broad irreducible types. First those spaces such that M∗ has S3-
stabilized edges of only one kind (but the boundary of M∗ is not made-up exclusively of
S3 orbits); this means either S3 × {1} or {1} × S3. We will refer to these as type K: see
Fig. 3 (left picture).
Type H corresponds to Bd(M∗) consisting only of S(m,n) edges and T 2 = S1 × S1
vertices (at least two vertices). In this case, we have in addition the Z2 invariant attached
(o= 0 or 1).
(c) These only remaining possibilities are for the boundary of M∗ to consist of a
single circle of S3 or of S(m,n) orbits. The manifolds were identified as diffeomorphic
to S3 × S5 for factor-S3 isotropy, and to SU(3) or S3 × S5 for diagonal-S3 and o = 1,0,
respectively; to S3×S3×˜S2 (where S3×˜S2 is the non-trivial, orientable S3 bundle over S2)
or S3×SU(3)/SO(3) for S1 isotropy, o= 0,1, respectively (I.3, Propositions 1 and 2). ✷
2.4. Equivariant blow-ups
The following remarks are used in some of the proofs that are given in Sections 3.2–3.4,
but are not essential to the statement of the results there.
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Fig. 4.
(1) We call an equivariant (5,4) surgery the operation that consists in deleting an (open)
S3 ×D5 invariant subspace, and gluing back a (closed) D4 × S4 along S3 × S4. Referring
to Fig. 3, notice that if there are (N + 1) S3-weighted edges in K∗, an equivariant surgery
of type (5,4) would yield an equivariant connected sum #Ni J (i) (to effectively decompose
that sum, we cut along invariant S7’s that sit above arcs joining a point in the interior of
the S1 edge to one in each S2 edge not adjacent to it).
Note that the connected sum decomposition does not depend on the edge chosen. We
will make use of this in the next section.
(2) Any Ij can be viewed as the equivariant “blow-down” of a certain Kj (here, j
denotes the number of vertices in the quotients), and in turn the latter is a blow-down
of an Hj . That is, blowing-up Ij along two Spin(4)-invariant submanifolds gives a
correspondingHj (see Fig. 4).
The construction is as follows. Consider the normal bundle N to the CP(2) (call it P )
that maps down in I∗ to the {1} × S3-edge and its vertices. N is a C2 bundle over P ,
and we identify it with an open tubular neighborhood of P in I . We blow-up along P
by blowing-up N fiberwise along the zero-section. That is, at each p ∈ P , we delete the
origin in N(p) and glue back the set of C-lines in C2: so each C2 fiber is replaced by γ 1,
the canonical line bundle over CP(1). We can describe this more explicitly, showing how
the Spin(4) action extends naturally to give the required weighted quotients.













S1 acts diagonally on S5 ×C2: the standard free (right) action on S5, and Zm-ineffectively
on C2 by:
eiθ · (x, y)= (xeimθ, ye−imθ ).
Viewing S5 as the join S3 ∗ S1, a typical element has the form 〈u; s; t〉, u ∈ S3, s ∈ S1,
collapsing S3 at t = 0, S1 at t = 1. Now let Spin(4) act on S5 ×C2 by:
(g× h) · (〈u; s; t〉 × (x, y))= 〈gu; s; t〉 × h(x, y),
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where gu is (left) S3 multiplication, and h acts on (x, y) ∈ C2 as an element in SU(2).
Equivalently (and in keeping with our usual conventions) we can think of (x, y) as an
element !V ∈H, and h acts by (left) multiplication as a unit-quaternion (the S1 action given
above is exactly multiplication by eimθ on the right). The Spin(4) and S1 actions commute,
and it is easily checked that the weighted quotient (S5 ×S1 C2)∗ under Spin(4) is N ∗.
Now in the commutative diagram above, we blow-up C2 at the origin, to obtain γ 1 =
{(x, y,L) | (x, y) ∈ L} ⊂C2×CP(1). Another way to describe γ 1, is as the open mapping
cylinder of the Hopf map S3 h→ CP(1), itself viewed as the projection S3 → S3/C on
the coset space. View C2 ≈ H as the open coning of S3. The previous S1-action extends
in the obvious way to γ 1, leaving CP(1) fixed. Similarly, the Spin(4) action extends to
S5 ×S1 γ 1, and one checks that we obtain the desired weighted orbit space. The resulting
Kj manifold is equivariantly diffeomorphic to the original Ij away from the CP(2) along
which the blow-up was performed (to give CP(2)×CP(1)).
A similar procedure can be performed on the CP(2)#CP (2) (call it #P ) that now sits
above the S3 × {1} edge after the first blow-up (we now have an S3 × S1-stabilized S2
instead of F , and the left vertical edge has S(1,0) weight; P ′ is blown up at one point
to #P ). We briefly describe its normal bundle N ′. Let Y = S3 ×˜S2. There is a free S1
action on Y with quotient CP(2)#CP(2). Recall the description of this space given in I.3
(proof of Proposition 2) as (D2 × S3)/∼, collapsing S3 to S2 ≈ S3/C over Bd(D2): the
action is by rotation on D2, simultaneously translating in S3 via right multiplication by








CP(2)<CP (2) Y ×S1 C2 C2
where S1 acts on C2 as before (but Zn-ineffectively instead of Zm). A typical element in Y
is 〈ρ, s;u〉 (s ∈ S1, u ∈ S3, S1 collapsed to a point at ρ = 0, S3 collapsed to S2 at ρ = 1).
The Spin(4) action has the form:
(g× h) · (〈ρ, s;u〉 × !V )= 〈ρ, s;hu〉 × g !V .
It is easy to verify that this is indeed the desired equivariant model, and that if we blow-up
along #P (exactly as before) we obtain the Hj manifold whose Spin(4) quotient is given
on Fig. 4 (with o= 0).
Fig. 5.
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(3) Any Jk can similarly be viewed as the blow-down of a certainHk−2 to a Kk−2 (with
one S3 edge), followed by an equivariant (5,4) surgery (k = number of vertices). The
operation is schematized with the weighted orbit spaces as shown on Fig. 5.
2.5. Examples
In this section we describe some examples of irreducible singular Spin(4)-manifolds
whose Spin(4) quotients have 0, 2, 3 or 4 vertices. Additional examples can be found
in I.2.4 and I.3.
0 vertices. The singular isotropy type here is either S3 or S1. In the first case, for a factor-
S3, the total space is S3 ×S5, and it is shown in I.3 (Proposition 1) that for ∆S3, it is either
S3 × S5 or SU(3), according to whether o = 0 or 1. For S1 = S(0,1) (or S(1,0)), by I.3
Proposition 2, we have S3 × (S3×˜S2) and S3 × SU(3)/SO(3) (o= 0,1, respectively); and
this holds more generally as Spin(4)/S(m,n)≈ Spin(4)/S(0,1) (I.1.2.2, Remark 3).
2 vertices. Two fixed points is S8 (I.2.4). There are two other types of weighted orbit
spaces. NamelyH∗2, with a S(m,n) and a S(m′, n′)-stabilized edge; if o= 0 (or if o= 1 and
S(m,n)= S(1,0), S(m′, n′)= S(0,1)), we will see in Section 3.1 that these can be viewed
as (distinct) S4 bundles over S2 × S2, with T 2 structure group. Otherwise, we have K∗2:
one factor-S3 edge, one S(m,1) (alternatively S(1, n)), with S2 fiber over the two vertices.
Proposition 4. K2 ≈ S6 ×˜S2, the (orientable) non-trivial S6 bundle over S2.
Proof. Denote by K(m) the K2 whose quotient has S(m,1) weight. First we claim that
K(m) ≈K(0). We have a global n-section, and it suffices to observe that the diffeomorphism
of D2×S3×S3 defined by: y×u×v → y×u×v(ψm(u))−1 (ψm is given by formula (3),
Section 1.1), with y ∈D2, u,v ∈ S3, descends to every collapsed S3 × S3 fiber over the
boundary, and determines a homeomorphism there.
Next, consider the following B7 bundle over S2, given as:
B =Hopf×B5,
where Hopf is CP(2) with an open 4-ball deleted. B has non-vanishing second Whitney
class (from Hopf). Now we claim that K(0) = Bd(B). To see this, view B5 as B4 ×[−1,1],
with B4 = S3 × I/∼. Now let Spin(4)= S3 × S3 act on B in the obvious way. Then it is
easy to check that (Bd(B))∗ corresponds to the union of three faces of the cube B∗, with
exactly the K∗(0) isotropy weights. The proposition follows. ✷
Remark. Note that as a space, S6 ×˜S2 is not homeomorphic, or even homotopy equivalent
to S6 × S2. For suppose there were a homotopy-equivalence h from S6 ×˜S2 to N =
S6 × S2. The projection p :N → S6 induces an isomorphism on integral homology H6;
since S6 ×˜S2 is homotopy-equivalent to N , there must be a map f :S6 ×˜S2 → S6 with
the same property (in fact, we could let f = p ◦h). Now, if q denotes the bundle projection
S6 ×˜S2 → S2, then letting H = (f × q) defines a map S6 ×˜S2 H→ S6 × S2 between fiber
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Fig. 6.
bundles; and it maps each S6 fiber by a homotopy equivalence to the corresponding fiber in
S6×S2. Thus H ∗ must pull-back the trivial Whitney class of the bundle S6×S2 to a trivial
class: this is a contradiction, as the second Whitney class of the non-trivial S6 bundle over
S2 does not vanish (it is the sphere bundle of a vector bundle B with w2(B) = 0, as noted
in the proof of the proposition).
3 vertices. If all 3 vertices are fixed points, we have ±HP(2) (see I.2.4). Let us note also
that I3 is ±CP(4): above the S(1,1) edge, and its vertices, we have CP(3) (as S7/S1), to
which an eight-cell is attached, Spin(4)-equivariantly. All H3 with o= 0 are realizable as
±CP(2) bundles over S2 × S2 (see Section 3.1).
4 vertices. The irreducible 1-connected singular Spin(4) manifolds disks must be in H4,
I4, J4, or K4. We shall consider the J4 type, which specifies into two main subtypes, with
weighted quotients as shown on Fig. 6, each parametrized by an integer n. In the figure,
we take S1 ≡ S3 × {1} and S2 ≡ {1} × S3; clearly, there are equivalent actions with these
weights switched.
We see from the symmetry of the weighted J ∗4 that, in either cases, the total space is
the (fiberwise) doubling of the normal (closed disc) bundle of a CP(2) sitting above the
S1 edge and its vertices. Thus, they correspond to S4 bundles over CP(2). In Fig. 6(b),
the structure group is S3: the bundle can be obtained by mixing the S4 fiber (effectively
acted upon by S3) with the associated principal S3 bundle over CP(2) (trivial if n = 1).
The latter is embedded in J as the submanifold sitting above an arc in J ∗4 , joining a point
in the ∆S3 edge to one in the S(1, n) edge.
In case Fig. 6(a), we can reduce the structure group to S1. We now give a complete
description of this family of J4 manifolds.
Proposition 5. Let J(n) denote a type J manifold with weighted orbit space given
above (Fig. 6(a)). Then if n′ = n, J(n) and J(n′) are homeomorphically distinct. J(0) ≈
S4 ×CP(2).
The proof of the proposition is given by the three following lemmas:
Lemma 2. The integer n determines inequivalent bundles.
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Lemma 3. The intersection form for J(n) is ( −n2 ±1±1 0 ), where −n2 can be viewed as the
self-intersection of the base CP(2).
N(n) will denote the normal bundle of this CP(2).
Lemma 4 (R. Lee). The first Pontrjagin number p1(N(n)) = 2n2 is a homeomorphism
invariant for J(n).
Proof of Lemma 2. Consider S5 × S4 along with the following diagonal S1 action. It is
free on the S5 factor withCP(2) quotient; explicitly, we want to view S5 as the join S3∗S1,
and eiθ · (u; s)= (ueiθ ; seiθ ), where u ∈ S3, s ∈ S1. On S4 =ΣS3, it is the suspension of
the action on S3 by (right) multiplication, eiθ · v = veinθ = (v1einθ , v2e−inθ ), with 0  n,
v = (v1, v2) ∈ S3. Thus it is effective on this factor if n = 1, Zn-ineffective if n > 1, and
trivial if n = 0 (in any case, the two suspension points in S4 are fixed). Now let Spin(4)
act (on the left) on S5 × S4 in the obvious way: this action commutes with that of S1, and
so descends to one on S5 ×S1 S4. One checks easily that the resulting weighted orbit space
is given on Fig. 5(a). Clearly, each J(n) is an S4 bundle over CP(2): observe that these
bundles are all inequivalent, since they are associated to distinct principal S1 bundles over












CP(2) S5 ×S1 S4 S4
where we first quotient-out by the Zn that is ineffective on the S4 factor (L5(n,1,1) is a
five-dimensional lens space). ✷
Proof of Lemma 3. The two generators [S] and [P ] of H4(J(n)) may be represented by
the S4 fiber and the CP(2) base. As a submanifold of J(n), CP(2) corresponds to S5/S1
at a suspension point of S4 (we may view it as sitting over the left S1 edge, say, and we’ll
refer to this submanifold as P ). The intersections [S] · [S] = 0, and [S] · [P ] = ±1.
We claim that [P ] · [P ] = −n2. It is seen readily from the construction that the normal
bundle N(n) of P is isomorphic to a Whitney sum L(n) ⊕ L(−n). The first Chern class
c1(L(n)) = nσ , where σ is the H 2(P ) generator. Then we have the Euler class of the
normal bundle:
e= c2(N(n))= c1(L(n))∪ c1(L(−n))=−n2[P ],
so −n2 is indeed the self-intersection of our CP(2). Note that the intersection matrix
is congruent to either ( 2 00 −2 ) or ( 1 00 −1 ), according to whether n is even or odd. Thus
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the intersection form only distinguishes between J ’s whose parameters n have different
parity. ✷
Proof of Lemma 4. Recall that we have the following identity for the first Pontrjagin
class: p1 = c21 − 2c2, where cj is the j th Chern class. Since the total Chern class:
c(N(n))= c(L(n))∪ c(L(−n))= (1+ nσ)(1− nσ)= 1− n2[P ],
we have
p1(N(n))= 2n2[P ],
i.e., the first Pontrjagin number p1(N(n))= 2n2.
The key observation is the following (we thank Ronnie Lee for his crucial input in
what follows). π4(J(n))  Z, and the second generator [S] of H4(J(n)) is the image of
the generator of π4 under the Hurewitz homomorphism. This means that any isomorphism
of H4 induced by a homeomorphism of J(n) (or any homotopy equivalence) must send
[S] to ±[S]. That is, the H4 summand generated by [S] is invariant under the induced
isomorphism. Now suppose we had a homeomorphism J(n′) ≈ J(n) (≡ J ), so there could
be two inequivalent ways of fibering J over a CP(2) with S4 fibers: regardless of how the
base CP(2) is embedded in J , the intersection f∗[P ′] · [S] must always be ±1, where [P ′]
is the top class for this CP(2), and f the embedding (refer to this as condition (∗)).
Claim. Any embedding f :CP(2) ↪→ J that satisfies condition (∗) must yield
p1(N (fCP(2)))= n2. It then follows that J(n′) cannot be homeomorphic to J(n) if n = n′.
For consider the embedded f (CP(2)) in J . It deforms into the 4-skeleton, which is a





)−→ P ∨ S collapse S−−−−→ P




)−→ P ∨ S collapse P−−−−−→ S
can be of any degree m. Now consider the first Pontrjagin number of the pull-back of
the tangent bundle T J under the (embedding) map f . Given that the embedded CP(2)
deforms to the wedge, and that the restriction of the tangent bundle T J to S away from the
wedge-point is trivial (since this is a 4-disk), it follows that:
p1
(
f ∗(T J )
) = 〈p1(T (fCP(2))⊕N (fCP(2))), [P ′]〉
= 〈p1(T P ⊕N(n)), [P ]〉
= 〈p1(T P )+ p1(N(n)), [P ]〉= p1(TCP(2))+ 2n2.
The last lemma follows, thus the proposition. ✷
One has an analogous result for the the subtype of K4 whose weighted orbit space is
given on Fig. 7.
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Fig. 7.
Proposition 6. The K4 with the weighted orbit space given in Fig. 7 form a family of S4
bundles over CP(2)#CP(2); these are homeomorphically distinct for each m= |n21 − n22|.
In particular, if n1 = n2 = n, we have S4 ×CP(2)#CP (2).
Remarks. (i) There are infinitely many non-equivalent Spin(4) actions on
S4 ×CP(2)#CP (2).
(ii) Evidently, the integers nj do not uniquely determine m; we do not presently
know, if |n′21 − n
′2
2 | = m = |n21 − n22| but the pairs (n′1, n′2) = (n1, n2), whether we again
have topologically distinct spaces. The case of the trivial product might suggest that the
difference is solely equivariant.
Proof. The fact that the bundle is trivial if n1 = n2 = n, is seen directly as follows. Since
we have a global normalized section, we may view the total space as D2 × S3 × S3, with
the fiber over Bd(D2) collapsed by the appropriate subgroup (choosing the distinguished
S(1, n)). It is easy to verify that the self-map of S3 × S3,
u× v → u(ψn(v))−1 × v,
induces a diffeomorphism onto the K4 with n = 0. (ψn is the S3 map defined by (3)
in Section 1.2). And in turn, the obvious factorwise S3 × S3 = Spin(4) action on S4 ×
CP(2)#CP(2) gives the weighted quotient with n= 0.
We also note that the cases with n1 = n, n2 = 0 can be constructed by taking Y × S4,
where Y = S3 ×˜S2, using a diagonal S1 action entirely similar to that in the preceding
example, with the restriction to the Y factor free with CP(2)#CP (2) quotient.
The argument in the general case is identical to the that given above for J4. Namely, we
consider a “distinguished” CP(2)#CP (2), sitting over the left edge in K∗, say, denoting it
#P , and its normal bundle Nn1,n2 . Computation of second Chern class gives c2(Nn1,n2)=
(n21 − n22)[#P ] = m[#P ], and yields the self-intersection for #P . The intersection matrix
in terms of the two H4 generators [S] and [#P ] follows as before, with [S] · [#P ] = ±1.
Clearly, [S] is the image of the generator of π4(S4), and we get the same condition (∗).
Again the first Pontrjagin number (=−2m) of the normal bundle of a suitably embedded
CP(2)#CP(2) becomes a homeomorphism invariant. ✷
Note. The fact that c2(Nn1,n2)= (n21 − n22)[#P ] is not entirely evident perhaps. It can be
calculated with a “hands-on” argument that involves mapping into a suitable classifying
space; the calculation is somewhat lengthy however, and we omit the details.
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All I4 (except one) are obtainable from a J(n) by blowing-up along a CP(2) sub-
manifold. In terms of the bundle construction given earlier, this amounts to starting with
S5 × S4 = S5 ×ΣS3, and blowing-up one suspension point in ΣS3 to give CP(2). The
previously defined S1 action on S4 extends naturally to one on CP(2) (fixing CP(1)), and
likewise the Spin(4) action S5×S4 to S5×CP(2), descending to S5×S1CP(2): it is easily
verified that we obtain I∗4 weighted orbit spaces. By the same argument as before, we have
a family of inequivalent CP(2) bundles over CP(2); there are two congruence classes for
the intersection matrix, depending on whether n is odd or even. While it seems plausible
that the I(n) are topologically distinct for different n, the previous argument cannot be
extended to this situation because π4 = 0.
3. Singular Spin(4)-manifolds
In this section we will be concerned primarily with singular Spin(4) manifolds, not
necessarily 1-connected, though Section 3.1 also concerns the Seifert-like manifolds
(which are non-singular by definition). We compute a number of topological invariants
in Sections 3.2 and 3.3; in particular, the main purpose of the homology calculations is to
show that what we have referred to as “manifold types” in the discussion in Section 2.3
are indeed topologically distinct. For instance, given any Ij , there is no Jk to which it
could be homeomorphic, or even homotopy equivalent: we express this fact succinctly
by I ∩ J = ∅. Similar relations exist pairwise for other types. In Section 3.4 we give
an equivariant decomposition theorem in a non-simply connected setting, which involves
additional irreducible (but non-simply-connected) Spin(4)-manifolds types.
3.1. Bundle structures
We make a simple observation of a fairly general nature.
Proposition 7.
(1) Given any 4-manifold MT accepting an effective smooth toral action of T 2, there
exists a Spin(4)-manifold M fibering as an MT bundle over S2 × S2, with structure
group T 2. In particular, if MT is a singular T 2-manifold with no finite isotropy,
there corresponds (equivariantly) a unique Spin(4)-manifold with o= 0.
(2) Given any 6-manifoldM6 =M6
S1×S3 accepting an effective smooth action of S1×S3
(with free principal orbits), there exists a Spin(4)-manifold that fibers as an M6
bundle over S2.
Proof. (1) The construction is the following. Take the free product-Hopf action of
S1 × S1 on S3 × S3. Explicitly: identify S1 with C = {(eiθ ,0) ∈ S3} acting by right S3
multiplication. Now form the T 2-twisted product M = S3 × S3 ×T 2 MT : this is a smooth
8-manifold, accepting a Spin(4) action by (left) multiplication on the S3 × S3 factor, with
free principal orbits (since the T 2 action is effective). Furthermore, it is apparent that the
weighted quotient M∗ =M/Spin(4) = (S3 × S3 ×T 2 MT )/Spin(4) is isomorphic to the
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orbit space MT /T 2; in the latter, the weights are exactly the stabilizer subgroups in T 2,
whereas in the former, they are conjugacy classes of stabilizers which are subgroups of
maximal tori in Spin(4). Diagrammatically:
S3 × S3
/T 2








M∗ MT /T 2
The second part of the assertion follows from: the fact that (i) such singular toral actions
are completely characterized, up to equivalence, by the weighted orbit space [12]; and
(ii) the Spin(4) action in this case clearly has a normalized section.
The construction in 2 is completely analogous. ✷
Observations
(i) Notice that in all cases, Spin(4) acts by bundle morphisms (fibers are sent homeo-
morphically to fibers).
(ii) The one-to-one correspondence given by the uniqueness statement may definitely fail
if the singularity condition is not met. For instance, there is an obvious free multiplicative
toral action on M(1)T = S2 × T 2 and another action on M(2)T = S3 × S1 (Hopf action on
the first factor, S1 multiplication on the second). In either case, the orbit space is S2: but
by elementary obstruction theory, there is only one free Spin(4) action with M∗ = S2, the
action (by multiplication) on M = S3 × S3 × S2. It is clear that M can be viewed either
as an M
(1)
T or an M
(2)
T bundle over S2 × S2. More generally, a fixed Seifert-like Spin(4)-
manifold is realizable as a non-singularMT bundle over a closed surface of genus g, where
MT is given by the weights{
(b1, b2); ε, g; (α1;β1,1, β1,2), . . . , (αr ;βr,1, βr,2)
}
,
as defined in [13], where all the invariants are fixed except for (b1, b2) which may take
any value in Z×Z; the αj ’s in [13] are exactly the kj ’s in Theorem 1, the (βj,1, βj,2), so-
called “oriented Seifert invariants”, correspond to the slice-invariants (m̂j , n̂j ) (and may
be converted to them).
Corollary 1. Spaces of type H, with either o= 0, or o= 1 but satisfying the condition of
Proposition 3 in I.3, are MT bundles over S2 × S2, where MT is S4, ±CP(2), S2 × S2,
connected sums of ±CP(2) or of S2 × S2.
Corollary 2. Seifert-like Spin(4)-manifolds are MT bundles over S2 × S2, and the MT ’s
here are in fact Seifert fiberings (as in [13]).
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Actually, in the special case where all the cyclic subgroups sit in the same S(m,n), we
have the Cartesian product of S3 with a bundle over S2 whose fiber is a 3-dimensional
Seifert Space.
Corollary 3. All spaces of type K, are M6 bundles over S2 with structure group S1 × S3,
where M6 is a simply-connected singular S1 × S3 manifold, with free principal orbits, at
least one fixed point, and some orbits stabilized by {1} × S3, S(m,n) or T 2 isotropy, and
with M6/S1 × S3 as on the left Fig. 3 (see also the examples in Section 2.3).
Remarks
(1) H manifolds. Toral actions on 4-manifolds were studied extensively first in [12,
13], followed by [14,15,10,11]. In particular, it can be seen immediately from the weighted
orbit space H∗i what the homeomorphism type of the MT fiber is [12, pp. 549–554]. Let
us also observe that to each T 2 vertex in H∗i corresponds upstairs the Spin(4)-invariant
S2 × S2 image of a global section to the MT bundle (similarly, the S3 × S1, alternatively
S1 × S3, vertices in K∗i are S2 images of sections of the M6 bundle).
If i = 3 for example, we have a ±CP(2) bundle over S2 × S2. The three edges
are weighted by S(m0, n0), S(m1, n1) and S(m2, n2) (with the requirement that det
(
mj nj
mj+1 nj+1 ) = ±1, see I.1.2.2 and [12]). The different possibilities for the integers pairs
(mj ,nj ) correspond to different Spin(4) actions, and can also be viewed as corresponding
to a different action of the T 2 structure group on the fiber. Given homeomorphic fibers, the
topological problem for the subfamily of Spin(4)-manifoldsHk could be rephrased as:
Question. For each k, do the distinct bundle structures yield distinct homeomorphism
types of the total space?
We should note that it is not clear whether in the case where o = 1 and the condition
given in I.3 is not satisfied, these spaces fiber over S2 × S2.
(2) Seifert-like spaces. As an example in the case of the non-Seifert fiberings
S0(k1, k2), it can be shown that if (k1, k2)= 1 and the Zkj (j = 1,2) isotropies both sit in
the same S(m,1) (alternatively, S(1, n)), then S0(k1, k2) is homeomorphic to S3 ×S3 ×S2
if both kj ’s are odd, and to S3 × S3 ×˜S2 if k1 is odd and k2 even (we omit the proof which
is somewhat lengthy; we do not know if this holds in the general S(m,n) case, although it
seems highly likely).
In the case of the S0(k1, . . . , kp) which are in fact Seifert fiberings (p  3), we may
picture the different fibrations in the following diagram, where: S˜ = S˜0(k1, . . . , kp) =
(S3 × S3) × S2 or R2 is the universal cover of S = S0(k1, . . . , kp) (Proposition 2 and
corollary), π = π1(S0(k1, . . . , kp)). The fiber MT in S˜ over a point in S2 × S2 covers a
corresponding fiber MT in S: MT is itself a Seifert fibering modeled on the principal T 2
bundle MT = T 2 ×R2 or S2 (see [13], Section 2.2 and theorem in particular).






















S1 × S1)× (R2 or S2))/π ι/T 2 S
p
/Spin(4) S∗ = S2
Again, the discussion generalizes to the case where M∗ is a surface of genus  1.
3.2. Homology calculations
Z coefficients are assumed throughout. The subscripts k, l,m denote the number of




Z if ∗ = 6,2⊕2(k−1)
Z if ∗ = 4 (k  2)
(b) H∗(Il )=
{⊕l−2
Z if ∗ = 6,2,⊕2(l−1)−3
Z if ∗ = 4 (l  3)
(c) H∗(Jm)=
{⊕m−3
Z if ∗ = 6,2⊕2(m−3)
Z if ∗ = 4 (m 4)
Corollary 1. I,J and H are equivariantly and topologically pairwise disjoint.
For H∗(I) has odd rank in the middle dimension, so I ∩J = ∅ and I ∩H= ∅; it is also
obvious from the relation between rk(H2) and rk(H4) that H ∩J = ∅.
Corollary 2. K ∩ I = ∅, K ∩J = ∅.
Proof. From (1) the first remark in Section 2.4 that a Spin(4)-equivariant surgery of
type (5,4) on K will result in an N -fold connected sum of J (j)nj ’s (where N = number
of S3-stabilized edges in K∗, nj = number of vertices in the J (j) summand), and (2) the
fact that such a surgery adds 2 to the rank of the middle dimension (and nothing in other









)= 2(n1 + · · · + nN)− 2(3N + 1),
from which we conclude as desired. ✷
Remark. This does not show whether K and H are topologically disjoint or not.
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Proof of Proposition 8.
(a) We first consider H∗(Hk). Next, the homology of Il and Jm will follow from the
blow-up construction (see Section 2.4).
Lemma 5. Let H0k and H1k be H-spaces with the same isotropy weights, and o= 0, and 1,
respectively. Then H∗(H0k)H∗(H1k).
Proof. Consider H0k and H1k over H0k
∗ ≈H1k∗, with the same isotropy weights S(m1, n1),
. . . , S(mk,nk) (ordered counterclockwise, say), but o = 0 and 1, respectively. By
Theorem 2 in I.2.3, we may view these spaces as Spin(4)× D2/∼, where the S3 × S3
fibers over the boundary of D2 are collapsed according to the isotropy. We can do so
uniformly by the “distinguished” S(mj ,nj ) (cf. Section 1.1) in the case of H0k
∗
; we can
do so in the case of H1k
∗
as well, except over a small arc, which we may assume lies in the
interior of the S(mk,nk) edge, where we must collapse by distinct conjugates. Decompose
Hjk =Uj ∪V j , with Uj ∩V j = Γ j such that Uj ∗ is a 2-ball neighborhood of the (m1, n1)
edge, V j ∗ a 2-ball neighborhood of the other edges, and Γ j ∗ deformation-retracts to
a simple arc in Hjk
∗ joining the two vertices of the (m1, n1) edge (and hitting Bd(H∗k)
only at these two points). Then Uj deformation-retracts to a 6-manifold sitting over the
(m1, n1) edge (and vertices), while V j deformation-retracts to a 6-dimensional complex
sitting over the edges (m2, n2), . . . , (mk−1, nk−1). The two Mayer–Vietoris sequences for
the Hjk (j = 0,1) must be identical. ✷
Given the lemma, we may assume that o = 0. By Corollary 1 to Proposition 3 in
Section 3.1, we have a Leray–Serre spectral sequence of the fibration over S2 × S2.
By [12], the fiber is S4 if k = 2, ±CP(2) if k = 3, CP(2)#CP(2), CP(2)#CP (2), or
S2 × S2 if k = 4, and connected sums of ±CP(2) or S2 × S2 if k  5 (see [12, the table
p. 552]). Thus the spectral sequence collapses at the second stage; further, all the homology
groups of both the base and the fiber are torsion-free, so that H∗(Hk)  E∞∗∗  E2∗∗ 
H∗(S2 × S2)⊗H∗(MT ). The result follows.
(b) To get H∗(Il ), first recall that if M˜ π−→M is the blow-up of M along a submanifold




)= π∗(H ∗(M))⊕H ∗(E)/π |∗(H ∗(X)),
with the cohomologies of M and X injecting under π∗ and π |∗, respectively (see [3,
p. 605], for instance). In our context, we will immediately have Hj  Hj (the groups
are all torsion-free).
From Remark 2 in Section 2.4, any Il can be blown-up twice to a Hl , first along an
X1 ≈ CP(2) (this yields a Kl ), and next along an X2 ≈ CP(2)#CP(2). So we have the
composition:
Hl π2−→Kl π1−→ Il .
Thus: H ∗(Hl ) = π∗2 (H ∗(Kl )) ⊕ H ∗(E2)/π2|∗(X2). We have seen that E2 = X2 ×
CP(1)≈CP(2)#CP (2)×CP(1). Therefore:
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H 4(Hl )  H 4(Kl )
2⊕Z,
H 2,6(Hl )  H 2,6(Kl )⊕Z.
Next: H ∗(Kl )= π∗1 (H ∗(Il ))⊕H ∗(E1)/π1|∗(X1). Again, E1 =X1 ×CP(1), and:
H 4(Kl )  H 4(Il )⊕Z,
H 2,6(Kl )  H 2,6(Il )⊕Z.
Consequently:
H 4(Hl )  H 4(Il )
3⊕Z,
H 2,6(Hl )  H 2,6(Il )
2⊕Z,
and dualizing gives (b).
(c) Finally, recall that by Remark 3 in Section 2.4, given any Jm, we can obtain an
Hm−2 by successively making a (4,5) equivariant surgery (obtaining aKm−2) followed by
blowing up along a CP(2)#CP(2). So as before, we have:
H 4(Hm−2)  H 4(Km−2)
2⊕Z,
H 2,6(Hm−2)  H 2,6(Km−2)⊕Z.
Now, an equivariant (4,5) surgery adds
2⊕Z in the middle dimension and leaves
everything else unchanged. Then:
H 4(Hm−2)  H 4(Jm),
H 2,6(Hm−2)  H 2,6(Jm)⊕Z.
In other words, rkH4(Jm)= 2(m−2−1) and rkH2,6(Jm)= (m−2−1). The proposition
follows. ✷
Remarks
(1) Equivariant representatives for generators of homology classes. One can alter-
natively compute the homology of H (and similarly the other manifold types) using the
Mayer–Vietoris sequence of Lemma 5 and inductive arguments, taking advantage of the
simple “stratification” afforded by the existence of a global section, normalizable or not.
That has the disadvantage of making the argument somewhat more cumbersome. On the
other hand it makes more apparent perhaps the fact that all the homology generators have
very nice geometric realizations. Indeed, they are represented by Spin(4)-invariant sub-
manifolds sitting over the edges or the vertices of M∗: for example, the H6(Hk) generators
are carried by 6-dimensional submanifolds, each of which sits over one edge and two ver-
tices (≈ CP(2)#CP (2)× S2); H4(Hk) can be seen to be generated by the S2 × S2 over
each vertex, and CP(2)#CP (2)’s, chosen over each edge except two.
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(2) Vanishing of the odd Betti numbers. The odd homology dimensions vanish for all
manifolds in the four typesH,I,J andK. More generally, in many non-simply-connected
cases, dimensions 3 and 5 often remain trivial, as the next proposition indicates. Of course,
this is not completely generic, since we can take any M5 × S3 for instance, where M5
accepts an effective S3 action with free principal orbits. Nonetheless, we have a strong
(co)homological obstruction in the simply-connected case: if the odd dimensions do not
vanish, then either M = SU(3), or M = S3 ×M(5), or M = S(k1, k2) (k1, k2 relatively
prime, see Section 2.1, Proposition 1 and Corollary 2). This follows from Proposition 3 in
Section 2.3, and that proposition suggests that there are very few such manifolds. In fact,
we have the following
Conjecture. The only simply-connected Spin(4)-manifold missing from the list given in
Section 2.3 Proposition 3 is S3 × S3 × S2 (it is Seifert-like).
Proposition 9. Let M be a Spin(4) 8-manifold with singular orbits. Suppose the action
satisfies two conditions:
(1) there is no Spin(4)-invariant, non-simply-connected 6-dimensional submanifolds
embedded in M; in terms of the weighted orbit space data, this means any boundary
component of M∗ containing S1 isotropy also contains T 2 stabilized orbits, and
(2) either (a) there is a Spin(4) invariant S7, or (b) there are no Spin(4) invariant, non-
simply-connected 4-dimensional submanifolds. Equivalently: (a) at least two of the
three possible S3 isotropies occur, or (b) there are no S3 orbits. In the latter case,
we also assume: (b′) M∗ possesses two edges, not necessarily contiguous, weighted
by S(1,0) and S(0,1) respectively.
Then the Betti numbers b5 = b3 = 0. In fact, if E = ∅, H5(M)=H3(M)= {0}.
Note. It is very likely that condition (b′) is unnecessary, as it appears from our previous
calculations that homology is not affected by the specific choices of (mj ,nj ) integer
pairs for the S1 isotropy. However, it certainly allows for a rather “clean” argument. The
conditions exclude, in particular, any manifold homeomorphic to M5 × S3 (where M5 is a
5-manifold accepting an effective S3 action). The proof of this proposition will be deferred
until after the decomposition theorem (Section 3.4).
3.3. Signature and the second Whitney class
Proposition 10. σ(H)= 0; σ(I)=±1; σ(J )= 0; σ(K)= 0.
Proof. By a theorem of Kawakubo and Raymond [5], if a torus T s acts smoothly on
a closed, orientable n-manifold, then σ(Mn) = σ(F (M,T s)), where F(M,T s) denotes
the fixed point set. Fix a circle subgroup of Spin(4), in fact choose the distinguished
S(0,1)= C × {1}, and consider the restriction of the Spin(4) action on a given H, to that
of this circle. If no edge carries S(0,1) isotropy, then the fixed points occur entirely over
the vertices: that is, in each S2 ×S2 submanifold, where the fixed point set forms a disjoint
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union of two copies of S2. If there are S(0,1)-weighted edges, then it’s easy to see that
the fixed points over such an edge and its vertices, form a disjoint union of two copies of








))= σ (F (H, S1))= σ(H).
When o= 0, this can also be deduced from the fact that H is an MT bundle over S2 × S2:
it is known that when the structure group is connected, the signature of the total space is
the product of the signatures of the fiber and base (and here the form for the base is ( 0 11 0 )
which is congruent to ( 2 00 −2 )).
The argument for the other types is similar. For a given K, again consider the Spin(4)
action restricted to an S1; either C×{1} if the S3 stabilizers are S3×{1}, or {1}×C if the S3
stabilizers are {1}×S3. The fixed point set is again a disjoint union of (Spin(4) invariant) 2-
spheres. σ(K)= 0 follows. Now, given a J manifold, we noted in Section 2.2, Remark 1,
that it results from an equivariant (5,4) surgery on a K; hence σ(J )= σ(K)= 0.
Finally, blowing up a suitable I along a ±CP(2) subspace gives a K (referring to Fig. 2
in Section 2.4, along P ′, say). This is equivalent to removing the normal bundle N of
CP(2), and gluing back the appropriate tubular neighborhood T of a CP(2) × CP(1)
(N ≈ T away from the zero sections). Form an I4 by gluingN to T along their boundary:
then K is obtained from I + I4 by a finite number of surgeries (K and I + I4 are in
fact equivariantly cobordant), so σ(I + I4) = 0. But I4 is a CP(2) bundle over CP(2),
with structure group S1 (cf. the end of Section 2.5); taking the product of the signatures of
the fiber and of the base gives σ(I4)= 1 (or −1 for opposite orientation). This bundle is




that is, it has structure group S1. The total space is the twisted S5 ×S1 CP(2); the Zn-
ineffective action on CP(2) is induced from the action on S4 viewed as the suspension
ΣS3, given by eiθ · [v, τ ] = [veinθ , τ ] (where v ∈ S3 and S3 multiplication is implied,
τ ∈ I is the suspension parameter): the action extends naturally after we blow up at
one suspension point in S4. The free S1 action on S5 ≈ S3 ∗ S1 (the join) is given by
eiθ · [u; eiα; t] = [ueiθ ; ei(θ+α); t] (u ∈ S3, t ∈ I is the join parameter). Letting Spin(4) act
by factorwise left-S3 multiplication, it is not difficult to check that we get the desired I∗4
(with two possible ordering of the isotropy over the four edges: the two correspond to
opposite orientations). ✷
Proposition 11. If M is a simply-connected, singular Spin(4)-manifold, then the second
Whitney class w2(M) = 0, unless (i) M = SU(3) or S5 × S3, (ii) M is S8, or a connected
sum of ±HP(2) or S4 × S4.
Proof. The statement is a consequence of the following result:
(Theorem 2.10 in [6]) Let X be an orientable n-dimensional manifold. If n 5, then X
is spin if and only if every compact, orientable surface embedded in X has trivial normal
bundle.
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Assuming this result, it suffices to observe that we can find an S2 in any I,J , orK
whose normal bundle is non-trivial. For instance, we see immediately that sitting over a
S1 × S3-weighted vertex in M∗, there is such an embedded 2-sphere. Generally, we find
an appropriate S2 inside any S(m,n) or T 2 stabilized orbit; in particular, w2(H) = 0 as
well. ✷
In other words, the only 1-connected 8-dimensional singular Spin(4)-manifolds that are
spin, are the ones listed in (i) and (ii). In fact, it turns out this relative scarcity of spin
manifolds is not restricted to the simply-connected case. For instance, in the non-simply
connected cases covered by the decomposition theorem in Section 3.4, only S1 × S7 is
spin, and possibly the manifolds of type Ln (see the next section for a definition). Of
course, w1(M)= 0 in all cases, since the manifolds are assumed to be oriented.
3.4. A decomposition
Here we consider the non-simply connected case, with Bd(M∗) = ∅, and subject to:
Condition. M contains a Spin(4)-invariant 7-sphere; in other words, M∗ has at least two
of the three possible types of S3-stabilized orbits.
A generic orbit space will have the form shown on Fig. 8: it shows a (genus g) 2-surface
with boundary, and k E-orbits; the smaller circles along the boundary represent isolated
orbits.
(a) In order to proceed with our decomposition, we will need a single boundary
component of M∗ that carries at least two distinct S3 isotropies. Possibly, such a boundary
may not be given; in this case, by assumption, the two distinct S3 isotropies occur on
distinct components of Bd(M∗). So there is an invariant S7 ⊂M mapping down to an arc
α ⊂M∗ joining two such orbits: cut along this arc, and then cap-off, as shown, producing
a new manifold M ′ (Fig. 9).
Fig. 8.
Fig. 9.
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Reversing the process, that is, deleting two 8-balls from M ′, and gluing along their S7
boundaries produces M; thus, M =M ′#(S7 × S1). Note that M ′ has two fixed points, so
that we now certainly have the boundary component in M ′∗ that we had sought initially.
Fix this circle, and denote it by C.
We now repeat the cut-and-cap process, by which we “kill” every boundary component
containing S3-stabilized orbits; that is, down in M∗ we cut-and-cap using arcs joining C
to these other boundary components, thus amalgamating the distinct components into C
(adding two fixed points each time). Then upstairs, we obtain
M =M1#
(k
# S7 × S1
)
,
where k + 1 is the number of distinct components of Bd(M∗) containing S3 orbits.
Remark. This procedure will “kill” any component consisting of ∆S3 orbits only. Such
a component may have a non-vanishing value for o associated to it; but notice that in the
present case, in contrast to the the example given in I.3 (Proposition 1), the invariant carries
only equivariant (non-topological) information.
(b) Splitting-off the handles from M∗.
M1 has a weighted quotient such that all boundary components except one (call it C
again) contain only S(m,n) and S1 × S1 orbits. If there are no fixed points, then by
hypothesis, C certainly contains two non-contiguous S3 edges; joining them by a simple
arc α as usual, and then capping corresponds upstairs to an equivariant connected sum with
N , which we can always arrange to be simply-connected (see Fig. 10).




S7 × S1)= (M ′′1 #R)#(S7 × S1)=M ′′1 #(R#S7 × S1),
Fig. 10.
Fig. 11.
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where R is the manifold with weighted orbit space as shown. Now, it is easy to see that:
R ≈ (S4 × S4)#(S4 × S4)#(S7 × S1).
Simply perform cut-and-cap as in a, so R = R′#(S7 × S1), where R′ has six fixed points,






where g is the number of handles.
M∗2 is now a surface without handles, and such that all boundary components, except
one, consist only of S1 edges and T 2 vertices. There may be some isolated E-orbits as
well.
(c) Splitting-off Ln and V type manifolds.
We can use a similar splitting procedure for each E orbit; we have a connected sum
decomposition M2 =M ′2 # Ln where L∗n has the form shown on Fig. 12(a).
So we get
M2 =M3#Ln1# · · ·#Lni .
Observation. π1(Ln) Zn. There is a unique lift of the Spin(4) action to the universal
cover, commuting with the covering transformations (see [2]). Since Zn is finite, this cover
must be a compact Spin(4) manifold; from consideration of the orbit space, we see that in
fact, L˜n  #n−1S4 × S4. Indeed, under the (unique up to equivalence) action of Spin(4),
L˜n has D2 quotient with 2n fixed points (each fixed point in Ln lifts to n fixed points), S1
and S2-weighted edges (see I.2.4).
Finally we proceed similarly to split-off all the other boundary components of M∗ that
contain no fixed points, obtaining:
M3 =M4<V (1)< · · ·<V (j),
where M4 is a simply-connected manifold with M∗4 =D2 having at least one fixed point;
thus it can be further decomposed into equivariant connected sums as in Section 2.3
(Proposition 2 and proof). Note each V (i)∗ (see Fig. 12(b)) has an o ∈ Z2 invariant attached;
(a) (b)
Fig. 12.
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also, we allow for the possibility that V has no T 2-stabilized orbits. We can summarize the
preceding discussion as follows:
Theorem 2. Suppose that Spin(4) acts smoothly and effectively with free principal
orbits on a closed, orientable 8-manifold. Suppose there is a Spin(4)-invariant 7-sphere
embedded in M . Then M is an equivariant connected sum of ±HP(2), S4 × S4, simply
connected manifolds of type I and J , manifolds of type L, V and copies of S7 × S1.
We end this section with the proof of Proposition 9 in Section 3.2.
Proof. If M satisfies condition (a) in the proposition, it satisfies the hypotheses of
Theorem 2, and consequently, we have a decomposition provided by that theorem. The
simply-connected summands contribute nothing in dimension 5 and 3 homology, and
neither do the S1 × S7 terms. This leaves only the Ln and V types. Decompose each Ln
into U ∪ V , where U is a tubular neighborhood of the E orbit, V an open set mapping
down to an annular neighborhood of Bd(L∗n), U ∩ V ∼ S1 × S3 × S3. If we then consider
the induced Mayer–Vietoris sequence, we see that H5(Ln) = {0} (on the other hand, H3
may have torsion).
By condition (a) in our proposition, every V manifold is obtainable from an H by
removing U = D2 × S3 × S3, and gluing back a neighborhood W of a “double-wedge”
of two S4’s (take S4 ∨ S4, and then identify again a pair of points, one on each S4 of the
wedge). Hence, we have H=M0 ∪U and V =M0 ∪W , with M0 ∩U ∼ S1 × S3 × S3 ∼
M0 ∩W , where M0 maps down to an annular neighborhood of the boundary consisting of
S1 and T 2 orbits. Then, by comparing the two Mayer–Vietoris sequences for H and V at
H5 and H3, it is immediate that Hj(V)=Hj(H)= {0} (j = 3,5).
If M does not satisfy the hypotheses of Theorem 2, condition (b) of the proposition
means that all boundary components of M∗ consist of S1 edges and T 2 vertices. By (b’),
we can blow-down M along the 6-dimensional submanifolds sitting over the S(0,1) and
S(1,0) edges (see the description of this procedure in Section 2.4). This results in a Spin(4)
manifold M satisfying the hypotheses of the theorem, and by our previous argument, it has
no homology in dimensions 5 and 3. But now, blowing back up to M does not change
homology in those dimensions (cf. Section 3.2). This concludes the argument. ✷
4. A few questions and problems
The following list recollects questions that were raised at various places both in this
paper and in [9]. It is by no means exhaustive.
Simply-connected Seifert-like manifolds S0(k1, k2). These have M∗ = S2 and either one
(if k2 = 1) or two exceptional orbits, with (k1, k2) = 1 (cf. Section 2.1; of course if
k1 = 1 = k2, the action is free). One may check that the free S1 action on S3 × S3 × S3
given by eiθ (u× v ×w)  ueinθ × veimθ × (w1eik1θ ,w2eik2θ ) yields an S0(k1, k2) where
both Zkj ’s sit in the same S(m,n). Furthermore, if (m,n) = (m,1) (or (1, n)), using the
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map ψm given by (3) in Section 1.2, one can see that the total space is the Cartesian product
of S3 with an S3 bundle over S2; it can be shown that the bundle is trivially a product if
both kj ’s are odd, and is the (orientable) non-trivial bundle S3 ×˜S2 if the kj ’s have opposite
parity. It seems extremely likely that this statement holds for an arbitrary pair (m,n). One
might further conjecture that it also holds in the case where the Zkj ’s sit in distinct circles
S(m1, n1) and S(m2, n2) (in which case the question raised in Section 3.2, Remark 2, has
a positive answer).
Highly connected Spin(4)-manifolds. There are “relatively few” 3-connected manifolds
accepting an action of Spin(4), and these can be characterized using the remarks in I.2.4.
Now, simply-connected manifolds with non-vanishing Betti number β3 are also scarce.
In fact if the conjecture stated above is true, then it would follow that the only ones are:
SU(3), S3 × S5, S3 × (S3 ×˜S2), S3 × S3 × S2, and S3 × (SU(3)/SO(3)) (cf. Sections 2.3
and 3.2 in particular). But, unfortunately perhaps, no simplification is gained by requiring
two-connectedness: for such manifolds are to be found only among those just listed, namely
the 3-connected manifolds, SU(3), and S3 × S5 (and this is true regardless of the validity
of the conjecture). Thus one must turn to the simply-connected setting.
Irreducible simply-connected types. Homology allowed us to conclude that the equivari-
ant types H,I , and J are also pairwise, topologically distinct; similarly, we concluded
that type K was topologically distinct from I and J (see Section 3.2, Proposition 8 and
corollaries). What about types H and K?
Manifolds of type H. These are simply-connected manifolds with a singular action
yielding only isolated T 2-stabilized orbits and S1 orbits (cf. Section 2.3). If o = 0 , these
can be viewed as Spin(4)×T 2 M4, where the fiber M4 is a 4-manifold with toral action
(cf. Section 3.1, Proposition 7, Corollary 2 and the remarks that follow). For a fixed Hk ,
the different isotropy weights arising from the Spin(4) action reflect different actions of
the T 2 structure group on the (fixed) fiber: possibly, we get homeomorphic total spaces of
the bundles when the toral actions on the fiber are weakly-equivalent, but not otherwise?
The invariant o. In I.3 two examples were given where o encoded both equivariant
and topological data. These examples were rather special (actions with only one singular
isotropy type), and a larger class of examples was given where the o is purely equivariant,
distinguishing between actions on the same space. Is this true more generically? In
particular, for a fixed Hk and fixed isotropy weights, do we get the same total space for
o(Hk)= 0 and 1?
Spin(4)/S(m,n). Find an explicit homeomorphism with S2 × S3 (see Section 1.2,
and I.1.2.2, Remark 3).
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